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Study of the radiative decay J/ψ → ηc + γ in light cone sum rules
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At present, there are many experimental and theoretical results for J/ψ → ηc + γ process, while the results
are inconsistent based on different methods and considerations. In this paper, the light cone sum rules method
is used in studying the radiative decay J/ψ → ηc + γ. We give the transition form factor of this process based on
the leading twist distribution amplitude of ηc meson, with this form factor further obtain the decay width. Our
result is consistent with those of other sum rules. A comparison of our result with others’ about the decay width
is also presented.
PACS numbers: 11.55.Hx, 13.20.Gd, 14.40.Lb, 12.39.-x
I. INTRODUCTION
Radiative transition plays an important role in the establishment of new quarkoniumstates for a long time, andmany theoretical
and experimental studies have been carried out in this area. Since the photon in radiative transition serves as a clean probe into
inner structure of the quark-antiquark bound states, a thorough understanding of radiative transition process will enrich our
knowledge of underlying dynamics.
Radiative transition in heavy quarkonium is similar to electromagnetic transitions of “hydrogen atom”, therefore development
of many theoretical machineries in atomic physics can be directly borrowed. In this paper, J/ψ → ηc + γ decay is a magnetic
dipole radiative transition between charmoniums through the emission of a photon. The magnetic dipole radiative transition flips
the spin of one of heavy quarks without changing the orbital angular momentum.
Comparing the experimental and theoretical rates of radiative transition offers a guidance to enhance our understanding of
the internal structure of charmonium. Over years, some radiative transition experiments involving J/ψ → ηc + γ decay have
been measured [1–3], and comprehensive theoretical studies have been carried out. The method of dispersion sum rules [4] for
J/ψ → ηc+γ decay was used on the basis of local duality hypothesis in early papers, however, the local duality hypothesis for the
lowest state is not merely a consequence of general principles, because if it is true, one should be proved on the basis of specific
dynamics of the process considered. Beilin [5] analyzed the radiative decay with the QCD sum rules approach including both
nonperturbative O(〈GG〉) and perturbative O(αs) corrections, and took appropriate ratio of 3-point function to 2-point function
moments. Later, relativistic quark model [6], constituent quark model [7], non-relativistic potential model [8], and coulomb
gauge approach [9] have been employed. However, it is not clear what is the relationship between phenomenological model and
the first principle of QCD. The nonrelativistic effective field theories of QCD [10, 11] based on the effective field theory (EFT)
method has become available, but Ref. [10] clearly indicates that the transition is sensitive to relativistic effect. Furthermore,
lattice QCD [12–17] have also emerged.
It is clear that the sum rules method is based on quantum chromodynamics (QCD), while the nonrelativistic effective field
theories of QCD lacks relativistic effect. Therefore, the light cone sum rules method on the basis of QCD and relativistic effect
is appropriate in this work, because the wave function in this approach provides a reasonable description of the solution of
relativistic bound state equation. The method of light-cone sum rules is a fruitful hybrid of the SVZ sum rules [18, 19] technique
and the theory of hard exclusive processes. In the present work we calculate the form factor and the decay width for the radiative
transition J/ψ → ηc + γ within light-cone sum rules approach. In our previous work, this method has been successfully applied
to e++ e− → J/ψ+ηc process [20] and e++ e− → ψ(2S )+ηc process [21]. After careful analysis of the hadronic spectra, we find
that the light-cone sum rules method can also be used for this radiative transition process. This paper is structured as follows. In
Section II, we derive the transition form factor and the corresponding decay width at Q2 = 0 in the framework of the light-cone
sum rules. Our numerical analysis and discussion about form factor and decay width of this process are presented in Section III.
Finally, a summary is given in Section IV.
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2II. THE FORM FACTOR AND THE DECAY WIDTH
A.Transition form factor at Q2 = 0
First we study the electromagnetic form factor involved in the radiative decay J/ψ(P) → ηc(P′) + γ(q) at Q2 = 0 (for real
photon). To achieve this goal, the two-point correlation function between vacuum and on-shell state can be constructed as,
Πµν
(
P′, q
)
= i
∫
d
4
xeiqx〈ηc
(
P′
) | T {Jcµ (x) Jcν (0)} | 0〉, (2.1)
in Eq.(2.1), q is the photon momentum, P′ stands for the four-momentum of ηc meson, and Jcµ is the colorless c-quark vector
current,
Jcµ(x) = C¯ (x) γµC (x) . (2.2)
The transition form factor can be obtained by calculating the correlation function from hadronic and operator product expan-
sion (OPE) sides and then matching the results on the two sides. On the hadronic side which is in time-like region, we insert
complete sets of intermediate states with the same quantum numbers as the J/ψ ground state between the two electromagnetic
currents, and separate the contribution of the J/ψ ground state from the excited and continuum states. As a result, the hadronic
part of the correlation (2.1) can be written as,
Πµν
(
P′, q
)
=
1
m2
J/ψ
− (P′ + q)2 〈ηc
(
P′
) | Jcµ (0) | J/ψ (P′ + q)〉〈J/ψ (P′ + q) | Jcν (0) | 0〉
+
1
π
∫ ∞
s0
ds
ImΠµν
s − (P′ + q)2 , (2.3)
where mJ/ψ is the J/ψmass, s0 is the threshold parameter separating the ground state from the excited states and continuum. The
first term represents the contribution from J/ψ, and the second denotes the dispersion integral that includes the contributions of
the excited states and the continuum. The coupling between J/ψ and the electromagnetic current Jcµ is defined as
〈0 | Jcµ (0) | J/ψ
(
P′ + q
)〉 = fJ/ψmJ/ψǫµ, (2.4)
here fJ/ψ represents the decay constant of J/ψ, ǫµ is the polarization vector of J/ψ. The matrix element of the electromagnetic
current between ηc and J/ψ is defined as [12]
〈ηc(P′) | Jcµ(0) | J/ψ(P′ + q)〉 = ǫµabcP′aqbǫc∗FVP
2
mJ/ψ + mηc
, (2.5)
where FVP is the form factor of the process J/ψ(P) → ηc(P′) + γ(q). Substituting the matrix elements Eq.(2.4) and (2.5) into
(2.3), the hadronic states representation is converted into the following form
Πµν
(
P′, q
)
= 2ǫµναβq
αP′β
mJ/ψ
mJ/ψ + mηc
fJ/ψFVP
m2
J/ψ
− (P′ + q)2 +
∫ ∞
s0
ds
ρh(s)
s − (P′ + q)2 . (2.6)
Note that the first is the contribution from the ground state, and the second is the contributions from the excited states and the
continuum.
Having obtained the representation of the correlation function (2.1) from the hadronic side, we then calculate it in the deep-
Euclidean domain using OPE. In present work, we calculate the leading-order contribution of the correlator Eq.(2.1) with the
light-cone OPE. Contracting the c-quark fields in Eq.(2.1), we obtain free c-quark propagator
iS (x, 0) = i
∫
d4k
(2π)4
e−ikx
6 k + mc
k2 − m2c
, (2.7)
where mc and k are the mass and the four-momentum of c-quark. After replacing corresponding free quark propagator with
(2.7), transforming γµγαγν → −iǫµανβγβγ5 + ... in Eq.(2.1). we obtain
Πµν
(
P′, q
)
= 2iǫµανβ
∫
d4x
∫
d4k
(2π)4
ei(q−k)x
kα
k2 − m2c
〈ηc
(
P′
) | C¯ (x) γβγ5C (0) | 0〉. (2.8)
The nonlocal operator in (2.8) can be expanded near the light-cone x2 = 0 in components corresponding to different twists. In
the leading order of this expansion, at x2 = 0, the matrix element in (2.8) has the following parametrization:
〈ηc
(
P′
) | C¯ (x) γβγ5C (0) | 0〉 = −iP′β fηc ∫ 10 dueiuP′xφηc (u) , (2.9)
3where φηc(u) is the light-cone distribution amplitude of ηc meson, normalized to unity:
∫ 1
0
φηc(u)du = 1. u is longitudinal
momentum rate of c quark in ηc meson, and fηc is the decay constant of ηc meson. Since the distribution amplitude of ηc meson
is studied comprehensively in [20–22], which is adopted in this work, we do not present their explicit expressions here. The final
expression of the operator product expansion for the correlation function is:
Πµν (P′ , q) = 2ǫµναβq
αP′β fηc
∫ 1
0
dx
φηc (x)
m2c − (xP′ + q)2
. (2.10)
The function ρh(s) in the second part of Eq.(2.6) is the hadronic spectral density of all excited and continuum states with
the same quantum numbers as J/ψ meson. With quark-hadron duality, the hadronic spectral density can be expressed as the
following form
∫ ∞
s0
ds
ρh(s)
s − (P′ + q)2 ≃
1
π
∫ ∞
s0
ds
ImΠ
(pert)
µν (P
′, q)
s − (P′ + q)2 , (2.11)
where
1
π
ImΠ
(pert)
µν
(
P′, q
)
= 2ǫµναβq
αP′β fηc
∫ 1
0
dxφηc (x) δ
(
m2c +xx¯P
′2 − x¯q2 − xs0
)
, (2.12)
with x¯ = 1 − x. Then Eq.(2.11) is transformed into
1
π
∫ ∞
s0
ds
ImΠ
(pert)
µν (P
′, q)
s − (P′ + q)2 ≃ 2ǫµναβq
αP′β fηc
∫ ∆
0
dx
φηc (x)
m2c − (xP′ + q)2
, (2.13)
where ∆ is the solution of equation m2c + xx¯P
′2 − x¯q2 − xs0 = 0 in the range [0, 1], whose explicit form is shown in Eq.(2.16).
Finally, the hadronic states representation in Eq.(2.6) is matched with OPE in Eq.(2.10). In order to suppress the excited
states and the continuum and to boost the contribution of the ground state J/ψ, one perform the Borel transformations over the
variables (P′ + q)2 and (xP′ + q)2 on both the hadronic side and the OPE side [18, 23]
BM2
1
m2
J/ψ
− (P′ + q)2 =
1
M2
e
−
m2
J/ψ
M2 ,
BM2
1
m2c − (xP′ + q)2
=
1
xM2
e
{
− 1
xM2
[m2c+x(1−x)P′2−(1−x)q2]
}
, (2.14)
where M2 is the Borel parameter. Then we obtain the LCSR for the form factor FVP at q
2 = −Q2 = 0
FVP =
fηc
fJ/ψ
mJ/ψ + mηc
mJ/ψ
∫ 1
∆
dx
φηc(x)
x
e
− 1xM2 [m2c+x(1−x)m2ηc−(1−x)q2]+
m2
J/ψ
M2

, (2.15)
in Eq.(2.15), the lower limit in integral is
∆ =
1
2m2ηc

√(
s0 − m2ηc + Q2
)2
+ 4
(
m2c + Q
2
)
m2ηc −
(
s0 − m2ηc − q2
) , (2.16)
where the four-momentum of the ηc meson satisfies P
′2 = m2ηc .
B.Decay width
Generally, one can easily get the expression of the decay width of J/ψ(P)→ ηc(P′) + γ(q)
Γ =
∫
dΩq
1
32π2
|−→q |
m2
J/ψ
|M|2, (2.17)
where
|−→q | =
m2
J/ψ
− m2ηc
2mJ/ψ
(2.18)
4presents the three-momentum of the final photon, which is determined by the energy-momentum conservation in the rest frame
of the initial J/ψ meson, |M|2 is related to scattering matrix elementM by
|M|2 = 1
2J + 1
∑
m j ,λ
|Mm j,λ|2, (2.19)
where J is the spin of the initial particle J/ψ, m j and λ stand for the polarizations of J/ψ meson and the photon respectively.
Eq.(2.19) contains sum over the final photon polarization and average over the initial J/ψ polarization.
The transition amplitude of process J/ψ → ηc + γ is defined in terms of the standard Lorentz covariant decomposition
Mm j ,λ = 〈ηc(P′) | Jµem(0) | J/ψ(P,m j)〉ǫ∗µ,λ|Q2=0, (2.20)
with the Minkowski space-time matrix element for this transition [12]
〈ηc
(
P′
) | Jµem (0) | J/ψ (P′ + q)〉 = 2WVP
mJ/ψ + mηc
ǫ
µ
abc
P′aqbǫc, (2.21)
here WVP is real and time-reversal invariant.
If the sea quark contributions can be neglected, one can use J
µ
em(0) = QceCγµC as an approximate electromagnetic vector
current for the electromagnetic decay J/ψ → ηc + γ. The dimensionless fractional charge for the charm quark is Qc = +2/3,
and the electric charge is e =
√
4παem. Based on the OZI rule, we neglect contributions from the quark annihilation diagrams
and only consider the contributions of connected diagrams. For charmonium, based on the charge conjugation symmetry, the
antiquark gives the same contribution as the quark for the total hadronic current. So, we calculate the hadron matrix element
from the charmonium quark part. Thus we compute WVP which is related to FVP by
WVP = 2 ×
2
3
e × FVP, (2.22)
the factor 2 comes from the insertion of the electromagnetic current to both the quark and antiquark lines. Substituting
∣∣∣∣M
∣∣∣∣2 into
Eq.(2.17), integrating the phase space, after some tedious calculations, we get [12]
Γ = αem
(m2
J/ψ
− m2ηc)3
(2mJ/ψ)3(mJ/ψ + mηc)
2
64
27
|FVP|2, (2.23)
where FVP is the radiative transition form factor at Q
2 = 0 as in Eq.(2.15).
III. NUMERICAL ANALYSIS
In this section we focus on the numerical study of the form factor and decay width for J/ψ → ηc + γ. For this purpose, we
first take several parameters as mηc = 2.9835 GeV, mJ/ψ = 3.0969 GeV and fηc/ fJ/ψ = 0.54 [3, 24, 25].
In addition to the above input parameters, the form factor FVP also contains three extra parameters. These parameters are
the Borel parameter M2, the threshold s0, and the mass of the c quark. According to the light-cone sum rules approach, we
determine the working regions of the parameters M2 and s0. In order to suppress the contributions of the excited states and the
continuum, and the contributions of the higher twist distribution amplitudes of ηc meson, the Borel parameter M
2 should be in
the region 15 GeV2 ≤ M2 ≤ 25 GeV2. It can be seen from Fig.1 that the error in the form factor caused by Borel parameter is
very small, about 2.6%. For convenience, we take Borel parameter as 20 GeV2.
The threshold is not totally arbitrary, which is chosen at the value which separates the ground state from the excited states
and the continuum. We take its value within the region s0 = (3.60
2 − 3.702) GeV2. In order to judge the dependence of
the form factor on threshold parameter s0, we present the form factors at several discrete values of the continuum threshold
s0 = 3.60
2 GeV2, s0 = 3.65
2 GeV2 and s0 = 3.70
2 GeV2 in Fig.1. As is seen from Fig.1, the dependence of the form factor on
threshold parameter s0 is relatively small. In our calculation, we adopt the threshold parameter s0 = 3.65
2 GeV2.
Having fixed the working regions of M2 and s0, we now determine the mass of c quark. In PDG of 2018 [26], the mass of
c quark is taken as mc = 1.27 ± 0.02 GeV. Fig.2 and Fig.3 show the form factor and the decay width at three discrete masses
mc = 1.25 GeV,mc = 1.27 GeV and mc = 1.29 GeV respectively. As can be seen from the figures, the values of the form factor
and the decay width decrease with the increase of the mass of c quark. The error caused by the c quark mass is one of the main
uncertainties in our results. In order to compare with the experimental data, we take the central value of the mass of c quark as
mc = 1.27 GeV.
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FIG. 1: (color online) The dependence of the form factor for radiative transition J/ψ → ηc + γ on the Borel parameter M2 at mc = 1.27 GeV
and discrete values of the threshold s0.
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FIG. 2: (color online) The dependence of the form factor for radiative transition J/ψ → ηc + γ on the Borel parameter M2 at the threshold
s0 = 3.65
2 GeV2 and discrete values of the c quark mass.
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FIG. 3: (color online) The dependence of the decay width for radiative transition J/ψ → ηc + γ on the Borel parameter M2 at the threshold
s0 = 3.65
2 GeV2 and discrete values of the c quark mass.
6TABLE I: Comparison of decay width of our method with experiments and other methods.
Γ (keV) Ref. comments
1.14 JG85 [1] Crystal Ball
1.84 RE08 [2] CLEO Collaboration
2.98 ± 0.18+0.15−0.33 A14 [3] KEDR
2.9 DER06 [12] (quenched) Lattice QCD
2.51(8) DET09 [13] (quenched) Lattice QCD
2.47 GDCY19 [14] (quenched) Lattice QCD
2.49 ± 0.19 DDDF12 [15] (N f = 2 + 1) Lattice QCD
2.84(6) C11 [16] (N f = 2) Lattice QCD
2.64(11)(3) BS13 [17] (N f = 2) Lattice QCD
1.5 ± 1.0 BGV06 [10] non-relativistic effective field theories of QCD
2.12(40) PS13 [11] potential non-relativistic effective field theories of QCD
1.05 EFG03 [6] relativistic quark model
2.39 DXGZ15 [7] constituent quark model
2.9 BGS05 [8] non-relativistic potential model
2.9 GYS14 [9] Coulomb gauge approach
1.7 − 3.3(0.75 − 1.0) EFG03 [4] dispersion sum rules
2.1 ± 0.4 TM84 [27] QCD sum rules
2.6 ± 0.5 BR85 [5] QCD sum rules
3.39 ± 0.34 This work light cone sum rules
Table I presents a comparison of our decay width with those from experiments and other theoretical models for this process.
The first column shows the experimental values of decay width from Crystal Ball [1], CLEO Collaboration [2] and KEDR [3].
It can be seen that the experimental results in different periods of time are inconsistent, and the values are gradually increasing.
We hope more efforts on the experimental field will be made to clarify the inconsistencies among various experiments. The
second column is the results of lattice QCD [12–17], which are totally independent of the mass of c quark, and the lattice QCD
results 2.4 − 2.9 keV keep good consistent with current experimental value [3]. The third column is the outcomes from the
non-relativistic effective field theories of QCD [10, 11], with Ref. [10] in the strict weak-coupling limit of potential NRQCD. In
the fourth column, the result of relativistic quark model [6] mixtureing scalar potential and vector potential is consistent with the
experimental value [1] at that time. The fifth column is the results of dispersion sum rules [4], QCD sum rules [5, 27]and LCSR.
Here, the result of the dispersion sum rules [4] was obtained on the basis of local duality hypothesis, when the mass of c quark
is taken as mc = 1.25(1.30) GeV, the decay width is 1.7 − 3.3 keV(0.75 − 1.0 keV). The result from the QCD sum rules [5] is
2.6 ± 0.5 keV when mc = 1.26 GeV, the author further pointed out that the decay width value corresponding to mc = 1.26 GeV
is 40% higher than that for mc = 1.28 GeV. The last in the fifth column is our result with LCSR, Γ = 3.39 ± 0.34 keV. The
error (10− 15)% in our result is caused by the uncertainties of the input parameters M2, s0, mc and quark hadron duality ansatz.
Among them, the primary source of errors comes from the uncertainty of mc and quark hadron duality ansatz. It can be seen that
the outcomes from kinds of the sum rules depend on the mass of c quark.
The results in the fifth column are roughly coincident and all based on the QCD sum rules method, which has a very close
relationship with QCD that is lack in the potential model [6–9] in the fourth column. For the M1 radiative transitions, the
decay widths are sensitive to relativistic effects. The LCSR using relativistic wave function can reflect the relativistic nature of
J/ψ → ηc + γ process, which is deficient in non-relativistic effective field theories of QCD [10, 11] in the third column and the
QCD sum rules [5] as well as the dispersion sum rules [4] in the fifth column. The point is consistent with that mentioned in
potential NRQCD [10] in which the author clearly indicates large relativistic corrections.
7IV. SUMMARY
We have studied the radiative transition of charmonium J/ψ → ηc + γ within the LCSR. For this purpose, the transition form
factor of the relevant decay is calculated. Using the value of the relevant form factor at Q2 = 0, the corresponding decay width
is estimated. Here, the form factor is FVP = 2.293 and decay width is Γ = 3.39 ± 0.34 keV. The error of our results mainly
comes from the uncertainty of c quark mass and quark hadron duality ansatz. Our result is compatible with recent experimental
date [3] within errors, and it is consistent with the results of previous sum rules method [4, 5].
It should be pointed out that the relativistic effect for the process J/ψ → ηc + γ is significant [6, 10], thus it is reasonable to
apply the LCSR method to the treatment of this process, since the light-cone distribution amplitude could reflect the relativistic
effect. However, there are limitations in our approach. In this paper, only the contribution of the leading twist distribution
amplitude of ηc meson is considered. If the contributions of the higher twist distribution amplitudes are also taken into account,
our result will be more reliable. The LCSR approach can also be used to study other radiative transitions between charmoniums
such as ψ′ → η′cγ, ψ′ → ηcγ, η′c → J/ψγ and etc., the corresponding work will be carried out in the future.
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